As opposed to the conventional field-theoretical Hamiltonian formalism, which requires the space+time decomposition and leads to the picture of a field as a mechanical system with infinitely many degrees of freedom, the De Donder-Weyl (DW) Hamiltonian canonical formulation of field theory (which is known for about 60 years) keeps the space-time symmetry explicit, works in the finite dimensional analogue of the phase space and leads to the Hamiltonian and Hamilton-Jacobi formulations of field equations in terms of partial derivative equations. No field quantization procedure based on this "finite dimensional" covariant canonical formalism is known. As a first step in this direction we consider the appropriate generalization of the Poisson bracket concept to the DW Hamiltonian formalism and the expression of the DW Hamiltonian form of field equations in terms of these generalized Poisson brackets. Starting from the Poincaré-Cartan form of the multidimensional variational calculus we argue that the analogue of the Poisson brackets is defined on forms of different degrees and is related to the Schouten-Nijenhuis bracket of the corresponding multivector fields. The forms generalize the dynamical variables (functions) of mechanics and the multivector fields generalize the Hamiltonian vector fields associated with dynamical variables. The corresponding map between forms and multivectors is determined by the "polysymplectic" (n + 1)-form (given by the Poincaré-Cartan form) which we consider as the analogue of the symplectic form in the DW Hamiltonian formalism for fields. The space of "Hamiltonian forms" equipped with the exterior product and our Poisson bracket is shown to constitute the Gerstenhaber graded algebra. We also demonstrate that the Poisson bracket of any form with the n-form H vol, where H is the DW Hamiltonian function, generates its exterior differential and this enables us to write the DW Hamiltonian field equations in the bracket form. Finally, we present few simple examples illustrating how the formalism works in some field-theoretical models, and also briefly discuss the relation to the conventional Hamiltonian description of
Introduction
There are known two different approaches to the Hamiltonian formulation of field theory: the first is built on the infinite dimensional "instantaneous" phase space and implies certain space+time decomposition while the second is formulated on the finite dimensional analogue of the phase space and is manifestly space-time covariant. Both are based on certain extensions of the structures of classical analytical mechanics and one dimensional variational calculus. The first approach singles out the time dimension and treats a field as a mechanical system with continually infinite number of degrees of freedom. The generalized coordinates are the values of fields y a at each point of the space at a given instant of time y a (x), and the generalized canonical momenta are defined from the Lagrangian density L to be p a (x) = ∂L/∂(∂ t y a (x)) as in mechanics. This is, of course, a well known conventional treatment used for example when canonically quantizing the fields. Recent discussion of the covariant version of this approach may be found for example in [1] .
The second approach, that we are concerned with in this paper, originates from the approaches to the multidimensional variational problems due to De Donder [2] , Carathéodory [4] , Weyl [3] and some others (see for example [5] ) and [6] for a review). It is entirely space-time covariant because a field is treated as a sort of generalized Hamiltonian dynamical system with many "times". This means that both space and time enter the formalism on an equal footing as variables over which a field "evolution" proceeds. By "evolution" one means here not merely a time evolution from the given Cauchy data, as usual, but any space-time development or variation of a field. In this approach 1 the generalized coordinates are the field variables y a to which a set of canonically conjugate momenta p (2)); an excellent survey may be found in [6] , see also [7, 8] . This particular case is sometimes called the De Donder-Weyl (DW) canonical theory and we also will use this term.
corresponding generalized Legendre transform is regular. Note that unlike the first approach, the Hamiltonian function is scalar, but its direct physical interpretation, if there is any, is not evident. The generalization of the extended phase space of mechanics in this approach is a finite dimensional phase space of the variables (y a , p i a , x i ) which replaces the infinite dimensional phase space of the instantaneous approach. As a consequence, the Euler-Lagrange field equations may be written in the corresponding Hamiltonian form in an entirely covariant way (see eqs. (7) below) and in terms of partial derivative equations.
The corresponding Hamilton-Jacobi theory (see for example [5, 6] ) is also formulated in terms of the covariant partial differential equation as opposed to the first approach leading to the functional derivative equation. The connection between the instantaneous and the covariant finite dimensional formulations was studied recently in detail by Gotay [9] (see also the book [10] ).
Despite all of the attractive features of the second treatment which look especially relevant in the context of general relativity and string theory, there is surprisingly small number of its applications to relativistic field theories [11, 12, 13] , gauge fields [14, 15] , classical bosonic string [16, 17, 18, 19, 20, 21] and general relativity [22, 23] in the literature (see also [10] ). In particular, it remains unclear till now how to develop a field quantization starting from this finite dimensional Hamiltonian treatment on the classical level and whether it is possible or has a sense at all. Indeed, is it really necessary to split at first the space-time in order to obtain the Hamiltonian formulation, and then to quantize a field according to standart prescriptions of quantum theory and to prove the procedure to be consistent with the relativistic symmetries, or it is possible instead to develop a field quantization based on the finite dimensional covariant Hamiltonian framework and then obtain the space-time splitted results, as it is operationally required, from the manifestly covariant quantum field theory? Another related question is whether there exists a quasiclassical transition from some formulation of a quantum field theory to the Hamilton-Jacobi equations corresponding to the finite dimensional canonical formulations of classical fields.
The problem of field quantization based on the finite dimensional
Hamiltonian formalism, which is the main motivation of our study, was shortly discussed in thirties by Born [24] and Weyl [25] . In early seventies a considerable progress was made in understanding the differential geometric structures of the De Donder-Weyl canonical formalism [26, 27, 30, 31] (see also Dedecker [28] , who studied more general canonical theories and the recent paper by Gotay [7] for a subsequent development), however the attempts [29, 26, 30, 31] to approach from this viewpoint a quantum field theory did not lead to any new formulation but have established some links with the conventional one which is based on the instantaneous Hamiltonian formalism. More recently the attempt to construct a quantum field theoretical formalism based entirely on the finite dimensional DW canonical theory was reported by
Günther in [33] who used his own [32] geometrical version of the DW canonical theory, the "polysymplectic Hamiltonian formalism". Unfortunately, the ideas of his brief report [33] were not developed to the extend which would allow us to compare the outcome with something known from the conventional quantum field theory.
The main obstacle in the direction of a "finite dimensional field quantization" seems to be the lack of an appropriate generalization or analogue of the Poisson brackets in the classical canonical theories under discussion. Within the DW Hamiltonian theory, the brackets of the (n − 1)-forms corresponding to observables in field theory were proposed in [27, 29, 30, 31] , but the related construction proved to be too restrictive to reproduce the algebra of observables in the theories of sufficiently general type and were not appropriate for representing the canonical Hamiltonian field equations in the bracket form. Another approaches due to Good [34] , Edelen [35] and Günther [32] enable one to write the canonical equations in the bracket form, however, the group theoretical properties of their brackets are not evident. To approach these and other related questions, we suggest to proceed from the most fundamental object of any canonical theory, the Hamilton-Poincaré-Cartan (HPC) n-form (n =space-time dimension), and try to develop the subsequent formalism by searching for the proper generalizations of the corresponding elements of the canonical formalism of mechanics (see e.g. [36, 37] ) to the finite-dimensional canonical formulation of field theory.
The structure of the paper is the following. At first we recall in Sect. 2 how the DW Hamiltonian field equations comes directly from the canonical HPC form. This consideration indicates that in field theory the suitable generalization of the notion of the canonical Hamiltonian vector field is the multivector field of degree n, and also suggests the analogue of the symplectic form to be certain (n + 1)-form (see eq. (10) 2 Poincaré-Cartan form and the De Donder-Weyl
Hamiltonian field equations
Given a first order multidimentional variational problem
where (y a ), 1 ≤ a ≤ m are field variables, (x i ), 1 ≤ i ≤ n are space-time variables, and vol := dx i ∧ ... ∧ dx n 2 , it is known that the HamiltonPoincaré-Cartan (HPC) fundamental n-form is defined within the DeDonder-Weyl (DW) approach to multidimensional variational problems as (see for example [6, 10] and [27] )
so that its exterior differential is given by Ω DW = dp
Here p i a := ∂L/∂(∂ i y a ) are the DW canonical momenta and
is the DW Hamiltonian function. The symbol denotes the interior product of a (multi)vector on the left and a form on the right. In the following we will omit the subscript DW, but the quantity H which we call the (DW) Hamiltonian function should not be confused with usual
Hamiltonian which is related to energy.
The form Ω DW contains in a sense all the information about field dynamics. In particular, one can derive the appropriate Hamiltonian form of field equations directly from Ω DW . Indeed, the solutions of the variational problem (1) may be considered as n-dimensional distributions in the extended DW phase space with the coordinates
These distributions one can describe by the n-multivector (or n-vector, in short) field n X:
representing their tangent n-planes. Then the condition on n X to give the classical extremals is that the form Ω DW should vanish on n X (cf.
e.g. [6, 8, 10, 11, 27, 29] ), i.e.
The n-vector field n X naturally generalizes the velocity field of the canonical Hamiltonian flow in classical mechanics corresponding to n = 1 to field theory, which corresponds to n > 1. Eq. (5) gives the components of the n-vector annihilating the (n + 1)-form Ω DW and together with the following natural parametrization of the components of n X :
leads to the set of equations
which we will refer to as the (DW) Hamiltonian field equations. They are equivalent to the Euler-Lagrange equations one gets from the variational problem (1) and are the simplest field theoretic generalization of the canonical Hamilton's equations of motion.
3 In fact, the components
of the n-vector n X yield also the third equation which may be shown to be a consequence of eqs. (7, 8) . Thus the information about the classical dynamics of field is essentially encoded in the "vertical", as we call them below, components X ai 1 ...i n−1 and
. This is the observation which motivates our construction in Sect.3. Notice first that, as it follows from (5), the Hamiltonian field equations (7), (8) can be derived also from the condition
where the superscript v shows that we take a vertical' part of the quantity. We call vertical the variables z V = (y a , p horizontal indices, i.e.
and the vertical exterior differential d v of any form ω is defined as
so that, in particular,
In the following we will also use the notion of horizontal p-forms which are defined to have a form
Finally, the form Ω v in eq. (9) is defined as
so that it is given by the vertical exterior differential of the vertical part of the HPC form:
In the following, the closed (n + 1)-form Ω v will be denoted as Ω, and we shall call it the polysymplectic form adopting the term introduced in a similar context earlier [32] . We will also omit all the superscripts v of the multivectors, since all of them appearing in the following will be taken to be vertical, unless the opposite will explicitly be stated.
Note also that the polysymplectic form is related to the HPC form in exactly the same way as the symplectic form in mechanics is related to the HPC form of the 1-dimensional variational problem.
Let us recall now (see for details [36, 37] ) that the structures of 
We define the generalized Lie derivative of any form ω with respect to the multivector field
which is the simplest generalization of the Cartan formula relating the Lie derivative of a form along the vector field to the exterior derivative and the inner product with the vector; this relation is recovered when p = 1. Note however that, unlike the p = 1 case, the operation L p X does not preserve the degree of a form it acts on: it maps q-forms to
by replacing the exterior differentials in eq. (12) by the vertical (d v ) ones.
Since Ω is closed with respect to the vertical exterior differential, from the symmetry postulate, eq. (11), and the definition of the generalized Lie derivative, eq. (12), it follows
so that locally one can write
for some 0-form We see from eqs. (9) and (13) (13) is taken to be the DW Hamiltonian H.
Given two locally Hamiltonian n-vector fields it is natural to define their bracket as
which is obviously in accordance with the invariance property we have postulated in eq. (11) . From the definition in eq. (15) it follows Thus, given the polysymplectic (n + 1)-form Ω, we shall define the set of locally Hamiltonian (LH) multivector fields as the set of vertical
Then the p-vector fields are defined to be Hamiltonian if there exist
where p = n − q. In the following we call the forms (29) below for the case of (n − 1)-forms).
The bracket of two locally Hamiltonian fields may be defined now similarly to eq. (15):
and it is easy to show that it maps the LH fields to LH ones. This bracket (i) generalizes the Lie bracket of vector fields, (ii) its degree is easily found to be
(iii) it can be both odd and even
and, finally, (iv) it fulfils the graded Jacobi identities
where 
where r = n − p and s = n − q. The last equality in eq. (21) The degree counting in eq. (21) gives
and with the help of eq. (20) one also finds
where σ = (n − r − 1)(n − s − 1). From the definition in eq. (21) the following useful formulae for the Poisson bracket can also be obtained: Therefore, the quotient algebra X /X 0 is more adequate field theoretical analogue of the Lie algebra of Hamiltonian vector fields in mechanics than the original algebra X (cf. also the related discussion in [30] ).
By a straighforward calculation one can obtain the following properties of the Poisson brackets: (i) the graded analogue of the Leibniz
which means that the Poisson bracket with a p-form acts as a graded derivation of degree (n − p − 1) (see also eq. (22)), and also (ii) the graded Jacobi identities:
where From the degree counting in eq. (22) we see that only the (n − 1)-forms have nonvanishing brackets with H and these are the 0-forms.
Let us calculate the bracket of the general Hamiltonian (n-1)-form
with the DW Hamiltonian function H:
The components of the vector field
i associated with F are to be calculated from the equation
which reads in components (−X a dp
and yields
Hence, in contrast with mechanics, no arbitrary (n − 1)-forms can be Hamiltonian (i.e. to ensure the consistency of both sides of eq.
(27) and to give rise to some Hamiltonian vector field), but only those which satisfy the condition (29) which restricts the dependence of the components of F on the DW canonical momenta p i a . For such (n − 1)-forms one has:
Now, the total (i.e. taken on extremals) exterior differential d of F
on account of the condition (29) takes the form
Thus, with the help of the DW Hamiltonian field equations, eqs. (7, 8) ,
for an arbitrary Hamiltonian (n − 1)-form F one obtains:
The last term (30) and (32) we obtain
Note that the dual of the total exterior derivative ⋆ −1 d in eq. (33) is in fact nothing else than the generalized Lie derivative with respect to the total n-vector field 
one of which is 0-form and another is (n − 1)-form, may be considered as a pair of canonically conjugate variables. The Poisson brackets of these variables
turn out to be the same as those of coordinates and canonically conjugate momenta in mechanics. Indeed, from eqs. (23), (24) one obtains
where one has used in the last equality that the vector field
(cf. also eqs. (29), (30)).
It should be noted, however, that in principle this choice is not unique. For example, we could also choose the pair (y a ∂ i vol, p 
Such a freedom is due to the "canonical supersymmetry", eq. (17) Note that the extension of our construction in the following section, which involves the n-forms as Hamiltonian forms, provides in principle still more freedom in specifying the canonically conjugate variables. 
is thought to be the vertical-vector-valued horizontal one-form
and the inner product to be the Frölicher-Nijenhuis (FN) inner prod-uct of a vector-valued form and a form [40, 41] :
Here we use the usual symbol of the inner product of vectors and forms and imply that the tilde over the argument at the l.h.s. indicates that it is a vector-valued form so that in this case denotes the FN inner product of a vector-valued form and a form.
By extending formulae (24) 
This expression may be substantiated by the considerations similar to those which led from eq. (17) to eq. (24), provided one supplements the hierarchy of symmetries in eq. (17) with the additional assumption
formally corresponding to p = 0 and defines the generalized Lie derivative of an arbitrary form ω with respect to the vertical-vector-valued
Note that LXv maps p-forms to (p+1)-forms.
Taking n F = H vol, the components of the associated vector-valued formX H may be found from eq. (38) to bẽ
We see from eq. (44) 
Now, the total exterior differential of the p-form has the form
and from eq. (41) it follows
Thus the DW canonical equations encoded in eqs. (44), (45) imply the following equation of motion of an arbitrary p-form
This is exactly the property which the Frölicher-Nijenhuis bracket of two vector-valued forms has [40, 41] . Thus, it is natural to identify the bracket of two vector-valued forms with the FN bracket. As a result, the closure of the algebra will involve the vector-valued p-forms of all degrees p ≤ n because
Notice, that an appearance the of vectorvalued forms of higher degrees does not lead to any extension of the algebra of Hamiltonian forms: forX ∈ Λ 1 p>1
where denotes the FN inner product of a vector-valued q-formX and a form ω, defined as follows:
It follows from eq. (53) that the vector-valued forms of the degree higher than one extend only the subalgebra of primitive Hamiltonian fields (see Sect.3).
Let us return now to the bracket in eq. (49): the bracket of a vectorvalued form and a p-vector gives a p-vector-valued form. According to our scheme one should associate these objects with the "Hamiltonian" (here in vague sense) forms via the polysymplectic form, and then to define somehow the corresponding brackets. However, the first task meets the problem of unique definition of the inner product of X ∈ Λ p 1 with forms while the second one leads to the related problem of an appopriate definition of the "Lie derivative" w.r.t. theseX-s.
Moreover, since "most probably" the mutual brackets (yet to be properly defined) of thoseX-s will yield the elements from all the spaces Λ p q , we actually have to solve the same problems for arbitrary verticalmultivector-valued forms. Thus, the problem is essentially to construct a graded algebra of multivector-valued forms equipped with some appropriate bracket operation generalizing both the Schouten-Nijenhuis and the Frölicher-Nijenhuis bracket. This is in fact the "well-known" mathematical problem. However, recently A.M. Vinogradov has published his "unification theorem" [42] which states that SN and FN algebras may be imbedded in certain Z-graded quotient algebra of the algebra of super-differential operators on the exterior algebra of forms.
Although this result sounds highly relevant, the solution of the problem outlined above, which would be satisfactory for our purpose, as yet is not obtained by the author.
6 Several simple applications
Interacting scalar fields
As a simplest example of how the formalism we have constructed works, let us consider the system of interacting real scalar fields {φ a } described by the Lagrangian density
The DW canonical momenta are
and for the DW Hamiltonian function we easily obtain
In terms of the canonically conjugate (in the sense of Sect. 4) variables φ a and π a := p i a ∂ i vol which have the following nonvanishing mutual
we can also write
Finally, the canonical DW equations may be written in the bracket
which is equivalent to the field equations following from the Lagrangian (55):
The electromagnetic field
Let us start from the conventional Lagrangian density
where
For the canonical DW momenta we get
whence the primary constraints
follow. Despite the DW Legendre transformation is singular, we can define the canonical DW Hamiltonian function as usual:
However, due to the constraints using this Hamiltonian in the DW Hamiltonian field equations leads to the incorrect equation Namely, let us try to use as a canonical field variable the one-form α= A i dx i instead of the set of its components {A i }. Then the canonically conjugate momentum may be found to be the (n − 2)-form
To see this let us calculate the Poisson bracket of the 1-form α and the (n − 2)-form π. Remark first, that the form π is Hamiltonian form as opposite to its dual 2-form F ij dx i ∧ dx j which we might naively try to associate with α as its conjugate momentum; moreover, the bracket of the latter two forms would vanish for n > 4, as a simple degree counting
shows (see eq. (22)). Further, the components of the (n − 1)-vector field X α associated with α are defined by
For the only nonvanishing component of X α we get
where the first column of indices is a single index corresponding to the direction ∂ Poisson bracket of α and π is easily obtained from its definition
This property justifies our choice of the canonically conjugate momentum of the one-form potential α.
In terms of new canonical variables α and π the DW Hamiltonian n-form is expressed as
where j := j i ∂ i vol is the current density (n − 1)-form. Now, the Maxwell equations acquire the following Hamiltonian form in terms of new variables and the Poisson brackets:
Thus we have obtained a covariant Hamiltonian formulation of Maxwell's electrodynamics without recourse to the formalism of the fields with constraints. The constraints, both gauge and initial data, which, of course, did not disappear nowhere can be taken into account after the covariant Hamiltonian formulation was constructed.
The Nambu-Goto string
The classical dynamics of a string sweeping in space-time the worldsheet x a = x a (σ, τ ) is determined by the Nambu-Goto Lagrangian
T is a string rest tension and we have also used the following notation for the world-sheet parameters (σ, τ ) =
Define the canonical DW momenta:
From eqs.(71) the following identities follow 
and can also be expressed in terms of the 1-form momentum variables
canonically conjugate (in the sense of Sect. 4) to x a . It is easily checked
. The string equations of motion in terms of the Poisson brackets can be written now as
As yet another application we show how the Poincaré algebra is reproduced with the help of our brackets. In the x a -space the translations are generated by the vector fields X a := ∂ a and the Lorentz rotations by the bivectors X ab := x a ∂ b − x b ∂ a . The corresponding conserved current densities are the one-forms:
and from the string equations of motion it follows dπ a = 0 and dµ ab = 0.
Now, a straightforward calculation of the Poisson brackets of these 1-forms yields:
where g ab is the x-space metric and 
Discussion
In this paper we have discussed a possible extension to the finite- have used in this paper did not allow us to construct this superalgebra; perhaps the recent unification theorem by A.M. Vinogradov [42] might be helpful in this connection. As a speculation, one could expect that taking into consideration of all the elements of this enlarged graded algebra can also lead to a certain extension of the algebra of It is interesting to note in conclusion that the algebraic structures arised in our formalism are cognate with those appearing in the BRSTinspired approaches in field theory, in particular, in the antibracket formalism (see for example [44] ). The latter, of course, are established within the functional framework which is conceptually different from the spirit of this paper. Nevertheless, deeper relationship rather than a superficial algebraic analogy may be expected in view of the connection discussed above between the usual Poisson brackets and those suggested in this paper; in this case one could hope to clarify the geometrical origin of the BRST formalism. It is worthy of noting in this connection that the Gerstenhaber algebra structure which we have found for graded Poisson bracket algebra of Hamiltonian forms has appeared recently also in the discussion of the BRST-algebraic structure of string theory [45] .
